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EQUIDISTRIBUTION OF EISENSTEIN SERIES ON CONVEX 
CO-COMPACT HYPERBOLIC MANIFOLDS 

COLIN GUILLARMOU AND FREDERIC NAUD 

Abstract. For convex co-compact hyperbolic manifolds r\EI"^^ for which the dimension of 
the limit set satisfies 5r < n/2, we show that the high-frequency Eisenstein series associated 
to a point ^ "at infinity" concentrate microlocally on a measure supported by (the closure 
of) the set of points in the unit cotangent bundle corresponding to geodesies ending at ^. 
The average in ^ of these limit measures equidistributes towards the Liouville measure. 



^ ■ 1. Introduction 

1—5 

m 



Since the early work of Schnirelnian [25], Colin de Verdiere [6] and Zelditch j27j . it is a 
well known fact that on any compact Riemannian manifold X whose geodesic flow is ergodic, 
one can find a full density sequence Xj — )■ -|-oo of eigenvalues of the Laplacian Ax such that 

p I I the corresponding normalized eigenfunctions V'j are equidistributed i.e. for all / € L'^{X), we 

C/^ ■ have 

-S ■ .1™ / f{z)\^P,iz)\^dviz) = f f{z)dv{z), 

where dv is the normalized volume measure. Much less is known for non-compact manifolds 
and the closest analogs of the above celebrated theorem are due to Zelditch [28], Luo-Sarnak 
|16j and Jakobson [15] in the case of non-compact finite area hyperbolic surfaces. Let us recall 
Kj^ . their results. By M.'^ we denote the usual hyperbolic plane. Let X = r\EI^ be a finite area 

ijT) [ surface where F is a non co-compact co- finite Fuchsian group. The non compact ends of X 

'^ ■ are cusps which can be viewed on the universal cover as fixed points Cj in dM.'^ of parabolic 

elements in F. The number of non-equivalent cusps is finite. The spectrum of the Laplacian 
Ax consists of two types. The discrete part which corresponds to L^(X)-eigenfunctions and 
(<— ^ . may be not finite as in the arithmetic case, but is conjectured by Philips-Sarnak [24j to be 

finite in the generic case. The absolutely continuous part [1/4, -|-oo) which is parametrized 
{t £ M) by the finite set of Eisenstein series £'x(l/2 + it;z,j) related to each cusp Cj. The 
Eisenstein series -Ex (1/2 + it;z,j) are smooth (non L^(X)) eigenfunctions 

X ■ AxEx{l/2 + it; z,j) = (1/4 + t^)Exil/2 + it; z,j). 

H ; 

5^ , In the Poincare upper half-plane model, Eisenstein series are usually defined through the 

series (absolutely convergent for Re(s) > 1) 

Ex{s;z,j)= ^ (lm{aT'^-fz)^ 

7er,\r 

which enjoys a meromorphic continuation to the whole complex plane and is analytic on the 
critical line {Re(s) = 1/2}. In the above formula, Tj is the stabilizer of the cusp Cj and 
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(Tj G PSL2(M) is such that (Tj(oo) = Cj. In the case of the modular group PSL2(Z), there is 
only one Eisenstein series given by the formula (valid for Re(s) > 1) 

Ex{s;x + iy) = - V -—^. 

2 ^-^ \cz + dl'^'^ 

gcd{c,d)=l ' ' 

For all t £ M, define the density nt by 

a(z)(i/ii(z):= V / aiz)\Ex{l/2 + it;z,j)\'^dviz), 
X ^ Jx 

where a € C^{X). If we assume that we have only finitely many eigenvalues (believed to be 
the generic case) then Zelditch's equidistribution result |^ is as follows: for a S Cq^{X), 



1 



ad fit — dts{t) / adv 
X Jx 



(ii — 7- as T — 7- oo 



where s{t) is the scattering phase, this coefficient appearing as a sort of regularization of 
Eisenstein series due to the fact that the Weyl law involves the continuous spectrum. 

On the other hand, for the modular surface X = PSL2(Z)\H^, Luo and Sarnak [16] showed 
that as i — )• +oo. 



48 f 

id fit = — log(i) / adv + o{log{t)) , 
71" Jx 



ac 
IX 

which is a much stronger statement obtained via sharp estimates on certain L-functions. A 
microlocal version was later proved by Jakobson |15j . 

In the present paper, we focus on the case of infinite volume hyperbolic manifolds without 
cusps, more precisely convex co-compacts quotients X = r\]HI'^"^^ of the hyperbolic space. 
Let us recall some basic notations. A discrete group of orientation preserving isometrics of 
H""*"^ is said to be convex co-compact if it admits a polygonal, finitely sided fundamental 
domain whose closure does not intersect the limit set of F. The limit set Ar and the set of 
discontinuity fir are usually defined by 

Ar:=r:^n5", rJr:=5"\Ar, 

where o G H""'"^ is a point in H""'"-'^. By a result of Patterson and Sullivan \2Q\ I26j . the 
Hausdorff dimension of Ap 

5t := dimHaus(Ar) 
is also the exponent of convergence of the Poincare series, i.e. for all m, m' £ EI""*"^ and s > 0, 






sd{'ym,m') 



(1) ^g-srt(7m,m ) ^^ ^^ g > ^^^ 

76r 

where d{m, m!) denotes the hyperbolic distance. 

In that case the spectrum of Ax has been completely described by Lax-Philips and consists 
of the absolutely continuous spectrum [n^/4, -|-oo) and a (possibly empty) finite set of eigen- 
values in (0, n^/4). Just like in the finite volume case, there is a way (see next § for full details) 
to define Eisenstein functions which parametrize the continuous spectrum. These functions 
replace in this setting the plane wave solutions e^**^-"^ of (A — s'^)u = in M" (here cj G 5"~^). 
Let g denote the usual hyperbolic metric. Convex co-compact quotients X = F\E["'"'"^ fall in 
the class of conformally compact manifolds, which means that X compactifies smoothly to a 



More details about the appropriate normalization can be found in his paper [23 where a microlocal 
statement is actually proved. 
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manifold X with boundary dX such that there exists a smooth boundary defining function 
X with the property that x^g extends to a smooth metric on X and |dx|2^^2g = 1 on dX. 
The boundary dX is called the conformal boundary and can be identified with r\r2r- The 
Eisenstein series □ are smooth functions Ex{s; m, ^) where s € C is the spectral parameter as 
above and (m, (,) £ X x dX. They are generalized non-L^(X) eigenfunctions of the Laplacian. 
Using the ball model and an appropriate boundary defining function, Eisenstein series lift to 
]H"+i to 

;^ V4|7m-Cr' 
which is absolutely convergent for Re(s) > 6y-. Our first result is the following. 

Theorem 1. Let X = r\HI""''^ he a convex co-compact quotient with 6r < n/2. Let a G 
C^{X) and let Exis;-,^) be an Eisenstein series as above with a given point ^ G dX at 
infinity. Then we have as t ^ +oo, 

/ a{m) Ex{^+it;m,^) dv{m) = / a{m)Ex{n;m,(,)dv{m) + (D{t'^^''~''). 
Jx 2 Jx 

This result shows individual equidistribution of high energy Eisenstein series. The limit 
measure on X is given by the harmonic density Ex{n; m, ^) whose boundary limit is the Dirac 
mass at ^ G dX. 

A microlocal extension of this theorem is actually proved in §3. We first need to introduce 
some adequate notations. Fix any ^ G dX. Let £F defined by 

AJt :^ U'ygr'^75 C S X, 

where L^^ are stable Lagrangian submanifolds of the unit cotangent bundle S*X: the La- 
grangian manifold Lj^ is defined to be the projection on r\5'*]HI"~'^^ of 

{{m,u^^{m)) G 5*M"+i;m G W+^}, 

where i/^^(m) is the unit (co) vector tangent to the geodesic starting at m and pointing toward 
7^ G S*". The set £? "fibers" over X, and the fiber over a point m £ X corresponds to the 
closure of the set of directions v G S*X such that the geodesic starting at m with directions 
V converges to ^ G dX as t — )• +oo. Since the closure of the orbit T.^ satisfies F.^ D Ap, we 
actually have 

£c D T4. := {{m, u) G S*X : gt{m, v) remains bounded as t — )■ +00}, 

where gt : S*X — )• S*X is the geodesic flow. The set T^ is often refered as the forward trapped 
set. The Hausdorff dimension of L^ is n + (5r + 1 and satisfies n+1 < 5y + n + 1 <2n + l \i 
F is non elementary. 

Our phase-space statement is the following, we refer the reader to §3.2 for the required 
background on pseudo-differential operators. 



They depend on the boundary defining function x\ in the boundary variable ^ they should be thought of 
as section of a complex power of the conorinal bundle to the boundary 
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Theorem 2. Let A be a compactly supported 0-th order pseudodifferential operator with prin- 
cipal symbolu o- G C^{X,T*X), then as t ^ +00 



/ 77 77 



S'X 



adfi^ + 0(f 



' irLin(l,n— 2(5r) 



where ^^ is a gt-invariant measure supported on the fractal subset £? C S*X. 

Notice that the fractal behaviour of the semi-classical limit fi^ can only be observed at the 
microlocal level. This is to our knowledge the first example in the mathematical literature of 
a high energy limit of eigenfunctions which is concentrated microlocally on a genuine fractal 
trapped set. 




Figure 1 . Geodesies pointing toward ^ and 7^ in the domain of discontinuity 

In the theoretical physics literature, we mention some work of Ishio-Keating jll] on some- 
how related questions for billards. 

By averaging over the boundary with respect to the volume measure on dX induced by 
the defining function x, we obtain as t — t- -|-oo 



(2) 



and 



dx JX 



25r— n\ 



n 2 r 

a{m) Ex{- + it;m,i) dv{m)dvgj^{^) = vol(S'") / a{m)dv{m) + 0(t 
2 Jx 



ft Ti \ 

AExi- + it;;0,Ex{-+it;;0) ,, dvaxiO 



S'X 



where /x denotes the Liouville measure. This is the perfect analog of the previously known 
results for the modular surface (actually with a remainder in our case). 



a £ Cq°{X,T*X) means that a £ C°^{T*X) is compactly supported on the base but not necessarily in 
the fibers. 
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It is actually possible to prove a much stronger asymptotic expansion for the averaged case. 
We show the following. 

Theorem 3. Let X = T\M"'~^^ be a convex co-compact hyperbolic manifold and assume that 
the lim,it set ofT has Hausdorff dimension 6r < n/2. Let a G C^{X) and C be the set of all 
closed geodesies. Then for all N gN, one has the expansion as t ^ +00 

a{m)\Ex{— + it;m,^)\ df (m) di;^j^(^) = vo^S"") / a{m)dv{m) 
dx Jx 2 Jx 

where Hk{i{'~f)) is an explicit bounded function 0/^(7), Pk are differential operators of order 
2k with coefficient uniformly bounded in terms of 'j G C, dfi is the Riemannian measure 
induced on 7, R-^ € SO(n) is the holonomy along 7 and 

^' r(it + i)r(f -it) ^ ' 

IT- n—1 -n — 1_ 

Po = 1, ^oWt)) = 227r— e^— -. 

Notice that the asymptotic expansion is valid at all orders and, except for the first term, 
involves oscillating sums over closed geodesies. This formula is similar to what physicists call 
"the Gutzwiller formula" in the literature related to Quantum Chaos. In the mathematics 
literature it is of course quite similar to the Selberg trace formula (proved in [221 El IE] in 
this setting, see also [9] ) and to trace formulae proved in [H HI El [21 [18] . 

Let us describe the organization of the paper. The section §2 is devoted to the neces- 
sary analytic and geometric background. The proofs start in §3 and take advantage of the 
convergence of Poincare series garanteed by the hypothesis 5^ < n/2. We first prove the 
"configuration space" equidistribution result using a direct approach which is based on an 
"off-diagonal" cancelation phenomena due to some non-stationnary phase effect. To get a 
sharp remainder estimates in terms of S, we need to analyze differently the elements in the 
group with large and small translation lengths. This technique is robust enough to extend to 
the pseudo-differential (phase space) equidistribution case. We treat the problem using semi- 
classical analysis, namely some standard results on the action of /i-Pseudos on /i-Lagrangian 
distributions. Theorem [2] is based on a completely different technique and make use of Stone's 
formula and the high frequency asymptotic for the resolvent on the universal covering H""'"^. 
The result follows from a repeated application of stationnary phase expansions (with param- 
eter) and requires some precise estimate in terms of the group elements. 

We believe that extensions of these results to non-constant negative curvatures setting can 
be obtained for manifolds with asymptotically hyperbolic (or asymptotically Euclidean) ends 
under a condition on the topological pressure of the flow on the trapped set like in [19]. This 
will be pursued elsewhere. 
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2. Generalities 

2.1. Definition of Eisenstein series. Let X = r\EI""'"^ be a convex co-compact hyperbolic 
manifold. The group F is a discrete group of orientation preserving isometrics of BI"+^ with 
only hyperbolic transformations (i.e. fixing 2 points on the sphere S^ = dW^~^^). The limit set 
is Ar := r^n S"" where o € W+^ is the center in the unit ball model Bo{l) C M"+^ of W+^ . 
The discontinuity set is the complement Qr '■= S^ \ Ar and T acts properly discontinously on 
jjn+i u j^^ ^ Bo{\). The manifold X compactifies smoothly to a manifold X with boundary 
dX by setting X = r\(]HI""'~^ U Or). If g denotes the hyperbolic metric on X, there exists a 
smooth boundary defining function x such that x^g extends to a smooth metric on X and 
that |(ix|3.2g = 1 on dX. The Laplacian A on {X,g) has absolutely continuous spectrum on 
[n^/4, oo) and a possibly non-empty finite set of eigenvalues in (0, n^/4). 
By [13 E] ) the resolvent of the Laplacian 

Rx{s) := (A — s{n — s))~ defined in the half plane Re(s) > n/2 

admits a meromorphic continuation to the whole complex plane C, with poles of finite rank 
(i.e. the polar part at a pole is a finite rank operator), as a family of bounded operators 

Rx{s) : C^iX) ^ C°°{X). 

Using [ITtlllj. the resolvent integral kernel Rxis] fn, ml) near the boundary dX has an asym- 
potic expansion given as follows: for any m & X fixed 

m' -^ Rx{s;m,m')x{m')-' G C°^(A) 

and similarly for m' & X fixed and m' — )• dX. The Eisenstein series are functions in C°°(A x 
dX) defined bj0 



27r2r(s-f + 1) 



(4) Ex{s;m,0 = :^zttA -[xim')-'Rx{s;m,m')]U,=., ^dX. 



The terminology 'series' will become clear later since they can be obtained by series over the 
group. Notice that Ex (s; •, £,) depends a priori on the choice of the boundary defining function 
X however any other choice x' = ip{^)x + 0{x) with ip £ C°^{dX) would simply amount to 
multiply Exis;m,S,) by ipiO'^- Moreover, they are generalized eigenfunctions of Ax 

{Ax-s{n-s))Ex{s;;O=0, V^ G SX. 

The functions Ex{s, •,^) replace the plane wave functions z — )• e'*^'^ in M" (with ^ S 5""-*^) 
which satisfy (A^n — s'^)e^^^'^ = 0, they provide a spectral representation of the continous 
spectrum for Ax- 

Let us define the constant 

r{s) 



(5) C(s) =7r-2 2" 



r(.-f)' 



The normalization factor is not the usual one, but it is the natural one for our equidistribution purpose; 
this corresponds somehow to the normalization given by the Weyl law in the co-compact setting. 
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The spectral measure 2t(nJx (t) of the Laplacian Ax is related to Eisenstein series by 

2tdllx{t; m,7n') = — {Rx{ — I- it] m,m') — Rx{ it; m,m')) 

vr 2 2 

(6) =-^ _Ex{- +it;m,OEx{^ -it;m',OdvQx{0 

Zir Jqx Z Z 

2tdUxit;m,m) J3l±^ f _\Ex{^ + it;m,C)\^ dvg^iO 
^^ Jdx ^ 

with dvg^ the Riemannian measure on dX induced by the metric /iq = (2;^5)|t9X- The first 
identity is Stone's formula, the second identity is an application of Green's formula proved in 
[ini Prop .1] or [23]. We notice that the density \Exiji + it;m,^)p dvQ-j^{^) is independent of 
the choice of boundary defining function x used for the definition @, as long as /iq is defined 

by x'^glxax- 

2.2. Eisenstein functions on H"^"^. To fix the ideas, and since it will be used later, let us 
recall the case of H"^"'^. The resolvent kernel is given (away from the diagonal m = m') by 
[m Sec. 2]: 

R^n+i{s;m,m)=—- ^--— — cosh ( 

xF s,s -— ,2s -71 + l;cosh~^ ' ^ ' 



2 ' ' V 2 

where d(m, m') is the hyperbolic distance between m and m\ and for z G C \ [1, +oo). 



Jo 



r(6)r(c-6) 



Fia,b,c;z) = -—^-^— / f-'ii-ty-'-'ii-tzy^dt, 



is the usual hyper geometric function. In the ball model Bo{l) := {m G M"^"^; |7Ti| < 1} (with 
center denoted by o), the function 

1 — |77l| 



(8) x{m) := 2e-'^('"'°) = 2 



1 + IttiI 



is a boundary defining function for the closed ball Bo{l)- Moreover, using 

o/d(m,m')\ Im — ?7i''^ 

(9) smh — 



2 / (l-|m|2)(l-|m'|2)' 
we obtain for EQ{s;m,^) := £^jjn+i(s;m,^) defined with the boundary defining function x 

(10) Eo{s-m,0 = (^^^)' = e'^^^-^ with 0,(m) := log (^^^). 

Let Sh '■= n/2 + i/h with h > small, then as a function of m, EQ{sh; m, ^) is a semi-classical 
Lagrangian distribution associated to the Lagrangian submanifold 

£5 := {(m,#5(m)) G T*^M''+^;m e M"+^} C T*M"+^ 

If H^{m) is the horosphere tangent to ^ and containing m, then (t)^{m) = zizd{H^{Tn) , H^{o)) is 
the hyperbolic distance between H^{in) and H^{o). Moreover, since 4'R£_{m) = (j)^{R~^m) for 
any R E S0(n + 1), the norm \d4>^{m)\g with respect to the hyperbolic metric g is independent 
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of S,. By going through the half-space model M^ x M" of ET""^^, and choosing ^ = oo, we have 
<Poo{x,y) = log(y) and thus \d(j)oo('m)\g = 1 for all m G H"^^, which implies that 

(11) |#?Mlff = 1 for all e e S",m G EI"+\ 

The level sets of <j)^ are the horospheres tangent to ^, and the covector d(f)^[m) is dual via the 
metric to the gradient V(j)^{m) which is the unit vector tangent to the geodesic going from m 
to ^. The manifold L^ is the stable manifold associated to ^. 
Let us describe the action of isometries on Eisenstein funtions. 

Lemma 4. Xei 7 G Isom+(]H["+^) he an isonietry ofW^^^, then for allm G W'''^'^ and ^ G S"" , 

where \D^{S^)\ is the Euclidean norm of Dj at the point ^ G S"". 

Proof. We use the fact that the function Q is invariant with respect to 7, i.e. for all m, m' 

17771 — jm'\ |m — TTi'p 



(1 — |7?7i'p)(l — |7?7i'P) (1 — |7TiP)(l — Im'P) 
and thus multiplying this inequality by (1 — |m'p) and letting ?n,' — t- ^ G S"', we obtain 
Eo{s;-fm,-fO/Eo{s;m,S,) = limm'^^ CiljZl^ )""■ ^^^^ ^™^* ^^ Siven by \D-f{S,)\-'' . D 

Notice that for any Mobius transformation 7, \D^{$^)v\ = \Dj{^)\ for any v of Euclidean 
norm 1. Let us finally give the formula for the integral of the hyperbolic Poisson kernel: for 
all mGH''+^ 



(12) / Eo{n; m, ^d^ = 1/C(n) = vol(5"). 

where C{n) is defined in ([5|) and d^ is the canonical measure on S'^. 

2.3. Eisenstein series on r\E[""'"^. 

Lemma 5. Let T be a convex co-compact group of isometries of W^~^^ with 5r < n/2 and 
TTr := H"+i -^ r\H"+i be the quotient map. Let (, £ ^r and m £ ll"+i, then for Re(s) > 6r 
the series _ 

E{s; m, C) ■■= ^ ^H"+i (s; 7"^, 

converges absolutely and is a T-automorphic function on M^~^^ satisfying 

Ex{s; vrr(m), 7rr(0) = E{s; m, ^) 

if Ex{s; •, •) is defined by (j3]) with a boundary defining function x so that, in a neighbourhood 

ofC,7r*^ix) = il-\m\)/{l + \m\). 

Proof. By combining ([8]) and (|10|) . together with the estimate \^m — ^\ > e > for some e 
uniform in 7 G F, we deduce the existence of a constant Cg uniform in 7 so that 

|i5o(s;7,OI<C.e-^''(^-'°). 

This shows that the series converges in Re(s) > 5r by ([1]). 

The resolvent kernel for Re(s) > n/2 on the quotient is given, for m, m' G H""'"^ so that 
■7Tr{m) 7^ 7rr(w.')i ^y the sum 

Rx{s;7rr{m),Trrim')) = '^Rfin+i{'ym,m'), 

7Gr 
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and this series converges absolutely in Re(s) > 5r by © and ([1]), moreover the convergence 
is uniform on compact sets in the variable m,m' (in any C norms). The proof is standard 
and is left to the reader. By using ([8]) and ([9|), it is easily seen that after we multiply this 
last equation by x{'K^{m'))~'^ , we take the limit ?tt,' — t- ^ and it is given by 

This concludes the proof. D 

2.4. The Liouville measure. If (X, g) is an oriented n + 1 dimensional Riemannian man- 
ifold, recall that the Liouville form (or measure) on the unit sphere bundle SX is given by 
the 2n + 1 form n := 9 A dO'^ where 9 is the contact form on SX 

if vr : SX — )■ X is the projection. Isometries 7 of X act on SX by 7.(771, f) := (■jm,d^{m)v) 
and clearly 7*^ = 9. In particular, this implies that 7*/^ = fi. Since the group Isom+(EI"+^) 
acts transitively on SM"'~^^, the Liouville form is determined by its value at one point, for 
instance (ttt.,^) = (o, ei) where ei is a fixed unit vector of S'oH'""*"^. 
Let us define the map ip : EI"+i x S" ^ 5EI"+^ by 

(13) ^l;:{m,0^{m,V<P^{m)) 

where V denotes the gradient with respect to the hyperbolic metric g. This map is a diffeo- 
morphism and it identifies the point (m, v) £ SW^~^^ to the point (m, ^) € H""^^ x S" so that 
^ is the end point of the geodesic starting at m with tangent vector v. The group of isometries 
Isom+(EI""'"-'^) acts transitively on IP^^ x S" by 7.(771,^) := (7771,7^) and using LemmaHl we 
obtain for all 7 € Isom_|.(]H["+-^) 

(14) j*iy = u, where v := E{n;m,^)dv{m) A d^ 

where dv{m) and d^ are the canonical volume forms of H""*"^ and S^. But we also have 
ipi'yrn,^^) = 7.7/^(777,^) and therefore we deduce that for all 7 G Isom_|_(]H"~'^^) 

By ^^, this impHes that both u and 7/^*/x are preserved by the transitive action of Isom+(E["+^). 
and thus there exists a constant C„ such that 7/^*//, and an easy computation at tti = 0, ^ = ei 
gives 

(15) 7/^> = u. 

The same is obviously true with the Liouville measure on S*M^^^ by duality, provided tp is 
defined with d(p^(m) instead of Vcp^^m). On a quotient X = T\W"'^^, we also have S*X = 
T\S*W^^^ ~ r\(]H["+-^ X 5") and the Liouville measure on the quotient lifts to the Liouville 
measure fi on IHI"'+^. 

3. Proof of equidistribution of Eisenstein series 

3.1. Equidistribution on X. In this section, we show equidistribution in space of the Eisen- 
stein series. 
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Theorem 6. Let X = r\IH'^"'""'^ be a convex co-compact quotient with 6r < n/2, and let x be a 
boundary defining function of X. Let a G Cq°(X) and let Ex{s; •,^) be the Eisenstein series 
defined by Q using the defining function x and a point ^ G dX at infinity. Then we have as 
t — > oo, 

n ■ ...... / , -- ~. 2<5- 



a{m) Ex{— + it\in,i) dv{m) = j a{m)Ex{n;m,^)dv{m) + 0{t 
X 2 Jx 

Proof. Let us consider the ball model -Bo(l) = {"i G M""*""*^; \m\ < 1} of H""*^^, with boundary 
the sphere 5". Consider a fundamental domain 3" of F and let ^ G Jlp n F be a point in 
the domain of discontinuity. The boundary defining function x of X lifts to an automorphic 
function x on H""^-^ and we define r]{^) := 21imm_i.g(l — \m\)/x{m). By Lemma [5l the 
Eisenstein series on X = r\BI"+^ at parameter s such that Re(s) > 6r is given by 

(16) '''' ^ , ,/^^ 

1 — mr 
Eo{l;m,0 



4|m-^|2' 

for m G EI""*"^. For simplicity, we shall identify TTr{m) with m in the fundamental domain. 
We are interested in the pointwise norm (for t G M) 



2 



Ex{-+it;m,C) = J^ (So(l;7"^,0^(0 

2 ^V / V£;o(l;7'm,^)/ 

77^7 

Let a G C^(X) and consider the off-diagonal sum Yl-yjty -^7,7' (0 where 

(17) /,,y(t) := / a{m)(Eo{l;^rn,OEo{l-,7'rn,o)^ ^'l^'T'^l Ydvirn) 

To end the proof, we need to show the 

Lemma 7. As t — )■ 00, the off-diagonal sum satisfies "^^^l 1 L^^^i{t) = ©(t^ r-"^ 

Proof. The proof reduces to some non-stationary phase in i on a finite number of terms in 
each factor of F x F, essentially those 7 which satisfy d(o, 70) < logi. Let us first define the 
Buseman function 

(18) B^{m, m') := log(l - |m|2) - log(|m - ^1^) - log(l - |m'p) + log(|m' - ^j^) 

which satisfies the cocycle condition B^{m,m") = B^{m,m') -\- B^{m' ,m") and for any 7 G 
Isom(H'^+i) 

B^^{^m,^m') = B^{m,m'). 

One can rewrite (|17p as 

a{m) [Eoil; 7m, e)^o(l; I'm, O] ' e**^«(T"^'T''")dw(m) 
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The phase B^{'^m,'y'm) = B^-i^{m,^ ^o) + R ,-1,(7' o,7n) has for gradient (with respect 
to Euchdean metric) in m 

\/rnB^{'jm,'jm) = 2[ 



with Euchdean norm given by 



(19) 



VmB^{'ym,-f'm) 






|m — 7' ^|.|?7i — 7 ^^1 

Remark that Vm-B^(7"i,7'"i) = Qm{'y~^^,7~^C')/{\''^~l'~ '6P-I™'~7~^CP) ior soTaeQm{u,v) 
polynomial in {u,v) and with Qm,{u,u) = 0, moreover it is smooth in ?7i in a compact set 
K C H""''^, we then easily deduce that for each a G N""^"^ there is Ca > such that for all 
m£ K and a £ N"'^^ 

(20) \d^VmB^{jm,j'm)\ < C^\j-^C - l'~\\- 

Let o be the center of the unit ball in M""*"^. For 7 a Mobius transformation preserving the 
unit ball, we define a^ = 7~"^(oo) G R"+^ the center of the isometric sphere S{aj,rry) of 7, 
where r^ = 1/ sinh(^d(o, 70)) is the radius of S{a^,r^) (here d{-, •) is the hyperbolic distance). 
By §3.5 in Bear don |T], we have for any ^,S,' G Bo{l) 

1 \^-e\ 



(21) 



|7^ - 7^'| 



smh^{U{o,jo))\C-a^\\e 



Since \a^\ is bounded uniformly, we can set ^' = 7 ^ o 7'^ and we deduce directly that 
I7C ~ 7'^P ^ Ce~'^^°''^°' and by symmetry in 7,7' this gives 

(22) 17^ - 7'el > Cmax(e-'^(°'T°\e-'^('''i'''')) 

uniformly in 7 / 7' and S, € ^r- By combining (fT9]) . ([20]) and ([22]) . we deduce that for m in a 
compact set K of H""'"^ one has 

.a VmB^{jm,j'm) 



(23) 






< Ca min(e 



d{oao) prf(o,7'o)N 



VmBg(7m,7'm)|2 
For each 7, 7' G F, we can therefore integrate by part to get 
1 



^7,vW=^/^« 



(m)fi?o(l;7-,e)i?o(l;7Ve)rV^(e^*^^(^-'V-)).j!I^|i^^^ 



^ /■ e**i^c(^-'V-)v*(^a(^)(^i^o(i;^^,^)i5;o(l;y^,^)) 



|VmS5(7m,7'm)p 
f VmB^{'ym,-f'm) 



^Wx ^ ^ ^ |VmS^(7m,7'm)|^/ 

where V* is the adjoint of V with respect to the Riemannian measure dv{m) For ^ G fir, 
there exists C > depending only on K such that for all m G i^ and 7 G F, one has 

|7m-C|>C, (l-|7m|2)<Ce-'^(°'^°), |D7(?n)| < Ce-'^(°'^°). 

The last identity comes for instance from (|2ip . Combining these estimates with (|23p . we 



obtain that there is C > such that for all 7 7^ 7' and m £ K 

y7*f f \fTpn c\TP n ' c<\^ VmB^{jm,Ym) 

V V / |VmS^(7m,7'm)|^ 

Ce"t('^(°''>'°)+''(°''>'''')) min(e'^*^°''>'°) e'^*^°''>''°)). 



< 



12 COLIN GUILLARMOU AND FREDERIC NAUD 

We thus have the estimate, which is uniform in 7 7^ 7' 

\Ij,Y{t)\ < Ct~^e-t('='(°'T°)+'^(°'T'°))min(e"'(°'T°),e'^(°'^'°)). 
We can iterate this argument and get for j G N 

(24) 1^7,7' (i)l < Ct--''e-tW'''T°)+'^(°'^'°)) mm{e^'^'^°''^°\e^'^^°'^'°^). 
Let us decompose T into 

r = r< U r> : {7 G T; d{o, 7) < log(t)} U {7 E r; d{o, 7) > log(t)} 

and then the double sum l^(-y -y/)grxr\diag -^7,7'(0 i^to ^ parts involving Tq x F^ \ diag for 
O; /3 G {<, >}• For the elements in F<, we can now take advantage of the bound ()24p with j 
taken larger than n/2 — 5r- Using the counting estimate (proved by Patterson |21j ) 

(25) K7Gr;d(o,7o)<r} = 0(e^rT) 
it is easily seen that for each a,/3 £ {<,>}, we have 

(7,7')Grc,xr3\diag 

Let us for instance write the case a = /3 =<, then by ()24p and ()25p we have for any j > n/2—6r 
integer 

j; /^,y(i)=0(t2j') Y. e(^'-5)'^(°'^'') Y. e(^'-t)'^(°'^'<') 

d(o,7o)<logt d(o,7o)<logt a!(o,7'o)<Iogt 

d(o,7'o)<logt,7'^7 

= 0(^^-2^^) 

and the other cases are similar. D 

This achieves the proof of the Theorem. D 

Notice that Ex{n; m, ^) is a harmonic function, more precisely this is the harmonic function 
on X with distributional boundary value the Dirac mass 6^ at ^. 
As a corollary, we obtain 

Corollary 8. Let {X,g) = T\M"''^^ be a convex co-compact quotient with 6r < n/2, let x he 
a boundary defining function of X and let dvg^ be the Riemannian measure on the conformal 
boundary induced by the smooth metric x'^g\gx- ^^^ ^ ^ Cq°{X) and let Ex{s;-,^) be the 
Eisenstein series defined by (j3]) using the defining function x and a point ^ € dX at infinity. 
Then, we have as t — t- 00 



_ / a{m) ExG + it;m,C) ^dv{m)dvgj^{^) = vol(5") / a{m)dv{m) + 0(t2'5r-"). 



n 
ax Jx '^ Jx 



Proof. The statement in Theorem ^ is uniform in ^ G dX, this is clear from the proof of that 
Theorem. If 3" is a fundamental domain of X and r] is defined as in the proof of Theorem ^ 
in 3"n iS"', then the measure dugj^ pulls back to STiS'^ by 7rr to the measure r]{(,)~^d£, where 



EQUIDISTRIBUTION AND EISENSTEIN SERIES 13 

d^ is the canonical measure on S"'". Since Exin;-K^{'in),TT.y{S,)) = ?/(0" Sr ^o('i-;7"t-)0) ^^ 
have 



yZ f _ Eo{n;m,Od^ 

_Ex{n;m,^)dvgYiO = Eo{n;m,^)d^ = Eo{n;m,^)d^ = vol{S'" 
JdX JQr JS" 



I dX Jiir 

where in the second hne we used Lemma HI in the third we used that the Jacobian of 7 at 
^ G 5" is \Dj{^)\"-, the fourth hne we used that the set of discontinuity Op = U-y7(3"n 5") 
has fuh measure in 5" (for the standard measure on S"). This ends the proof. D 

3.2. Equidistribution in phase space. In this section, we extend the previous equidistri- 
bution result to "microlocal lifts" of the measures 

n 2 

Ex{^+it;'m,^) dv{m). 

To this end, we recall a few basic facts on pseudo-differential operators, including semi-classical 
ones. The proof of the micro-local extension will be based on semi-classical quantization and 
action on Lagrangian states. 

3.3. Pseudo-differential and semi-classical pseudo-differential operators. Let X be 

a complete manifold of dimension d. For s G M, we define the space ^^(X) of compactly 
supported pseudo-differential operators of order s on X to be the set of bounded operators 
A : C°°{X) — )• C^{X), with Schwartz kernel compactly supported m. X x X, and which 
decomposes as a sum A = A^ra + ^sg where Asm has a smooth Schwartz kernel and A^g can be 
written in any local chart U with coordinate z under the following form: for all / E C^{X) 
supported in U , 

AsJ{z) = j^^je^^^-^'Mz,i)f{z')dz'di 

with a(z, ^) is a classical symbol of order s va. U . A classical symbol a is an element in 
C°°{U X W^) such that for all 0,7, there exists C > so that 

00 
\d2d^a{z,i)\ < C{1 + l^ir-H, a{z,0 -,51^00 E «^-(^'^) 

j=0 

with ttj some homogeneous functions of degree s — j in ^. The principal symbol of A is defined 
to be oq, and it is invariantly defined as a homogeneous section of degree s on T*X. 

Let h £ (0, 1) be a small parameter. For s, /c G M, we define the space ^p (X) of compactly 
supported semi-classical pseudo-differential operators of order s to be the set of /i-dependent 
bounded operators A^ : C°°{X) — )• C^{X), with Schwartz kernel compactly supported in 
X X X, and which decomposes as a sum Ah = Ah^sm + ^/i,sg where Ah,sm has a smooth 
Schwartz kernel satisfying ||Ah,sm||L2_^£2 = OihP^) and Ah,sg can be written in any local 
chart U with coordinate z under the following form: for all / G C^{X) supported in [/, 

Ah,sJ{z) = ^^ J e^^'4^a{h;z,0fiz)dz'dC 
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with a{h;z,^) a semi- classical symbol of order s in U. A semi-classical symbol a(/i; •, •) is an 
^-dependent element in C°°{U x M ) such that for all 0,7 and all A^, there exists C > so 
that 

7V-1 
\d2d'^a{h;z,0\<Ch~\l + \i\Y-\^\ a{h;z,0 = Y, h-'+^aj{z,0 + h''rM{h;z,0 

j=0 

where aj , rjy are smooth functions satisfying 

1529^0,(^,01 <C(l + |^ir-H, \d2d^rr,{h;z,0\<Ch-Hl + \C\r-''-^''^. 

The space ^c' {X) is an algebra under composition of operators, and the principal symbol of 
a composition is the product of their principal symbol. The sem,i- classical principal sym,hol of 
Ah is defined to be h~ qq, and it is invariantly defined as a section of T*X. The microsupport 
WFh{Ah) of Ah is the complement of the set of points (z, C) G T*X such that \d°'ah\ = 0(/i°°) 
near (z,C), for all a. 

Lemma 9. Let B G ^[!(X) and Ah G ^c {X) with microsupport satisfying 

dist(WF;,(A),To*X)>e, 

for some e > uniform in h, and where TqX is the zero section in T*X . Let oq, 69 ^e the semi- 
classical principal symbol and classical principal symbol of Ah and B. Then BAh G \&c' {X) 
and the principal symbol of BAh is 60^0 ■ 

Proof. We decompose B = i^sm + ^sgi and using an adequate change of variables i?sg is given 
locally by 



Bf{z) = j^ j e^'-'^h{z,i/h)f{z')didz'. 



Bl^ : / ^ Blj{z) = j,^—^ I e^^^ir-{l - x{0)b{z,C/h)f{z')d^dz' 



Let X £ C^{M. ) so that its support does not intersect WFh{Ah). Then 

1 f .(£^Ai 

is an operator in ^c' {X) with semi-classical symbol (1 — x(0)^o(-2,C)- On the other hand, 
by using non-stationary phase and the fact that supp(x) n WF h{Ah) = 0, we deduce that 
{Bsg—Bg)Ah has a smooth kernel and is an 0(/i°°) as an operator on L'^{X). The composition 
BsraAh has the same properties by applying again non-stationary phase (using that Bg^ has 
kernel supported away from the diagonal and a{h;z,S^) = near ^ = 0). We conclude that 
BAh G ^c' (X) and its principal symbol is (1 — x)&o«o = boo-o- D 

3.4. Action of semi-classical operators on semi-classical Lagrangian distributions. 

Let us consider a Lagrangian submanifold £ C T*X which is the graph of d(p for some smooth 
function ip on X 

L = {{m,dip{m)) G T*X;m£ X}. 

A (compactly supported) semi-classical Lagrangian distribution with Lagrangian £ is a func- 
tion on X which can be written, for all A^ G N, under the form 

Af-l 
u{m) = e* h ( \ aj{m)h^-\-h r^^hi'f^)) 
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for some aj,r]y G C^{X) and \d^rp^^h\ = 0(1) for all a. We call oq the principal symbol of 
u. Semi-classical pseudo-differential operators preserve the space of lagrangian distributions 
with Lagragian £, as is proved for example in |19l Lemma 4.1], which we recall here 

Lemma 10. Let T £ ^c (X) be a compactly supported semi-classical operator with prin- 
cipal symbol uq and u he a compactly supported semi- classical Lagrangian distribution with 
Lagrangian L and principal symbol oq. Then Tu is a compactly supported Lagrangian dis- 
tribution with Lagrangian £ and with principal symbol 6o(?7i) := ao{m, d(p{m))ao{m) . More 
precisely 

Tu{m) = e^~h~ {bo{m) + hri^hi'm)) 

with vi^h S C^{X) satisfying Wri^hWi'^ < C'(||«||^2 + ||ao||cn+3) for some C > depending 
only on semi norms of the local symbol ofT and on semi-norms of ip. 

We will use the semi-classical notations in this section: let Sh = f + ^; then for ^ G S'"' 
fixed 

77, .4>£(jn)_ /I — ItTT-P 

(26) Eo{sh;m,C) = Eo{-; 171,06' h with (/>^(m) := log —. 

1 \^m — t\ 

As a function of m, £^o(s/i;?™)0 is a semi-classical Lagrangian distribution associated to the 
Lagrangian submanifold 

£5 := {(m,#g(m)) G r;,M"+i;m G M"+^} C T*M"+^ 

Let r be a convex co-compact group of isometrics of H""''^. For a given ^ G ilp; let us 
define the (closure of) discrete union of Lagrangians 



(27) £f := U ^75- 

7Gr 

If TTr : ]HI'^+^ — ;• r\H["+-^ = X is the projection to the quotient, then 



7rr(£f ) = U vrr(£^g) 
7er 

is the closure of a countable superposition of Lagrangian submanifolds of T*X. Over a point 
m G X, 7rr('C) n S^X corresponds to the (closure of) set of directions v{m) G S^X such 
that the geodesic starting at {m,v{m)) tends to vrr(^) G r\r2r = dX. We point out that 
since T is discrete, for all ^ G Op, we have 

see Beardon [1], Theorem 5.3.9. In other words, the set of accumulation points of the orbit 
r.| is the full limit set Ar. Since L^ is locally diffeomorphic to H""'"^ x F.^, some basic facts 
of dimension theory show that the Hausdorff dimension of L^ is n -\- 1 -\- 6r- We show the 
following 

Theorem 11. Let X = F\EI"'*""'^ be a convex co-compact hyperbolic manifold, and assume 
(5r < ^. Let A G "^^{X) be a compactly supported classical pseudo-differential operator of 
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order with principal symbol a G C^{X, T* X). Then for ^ G dX = r\J7r, we have as h ^ 
and for if Sh '■= ?^/2 + i/h 

{AE{sh;.,0,E{sf,;;0)LHx) = f adf,^ + 0{h^'-^'^^~^'^) 

Js'-x 

where dn^ is a measure supported on 7rr(££ ) as defined in ()27p . More precisely, denoting also 

a and ^ for their lifts to respectively S*W^~^^ and Q,r through vrr, and if 3^ is a fundamental 

domain of T, Jg*x ^^/^C '^^''t- ^^ written as a converging series 

(28) / a{m,v)dfi^{m,v) := / y ^ a{m, d(f)^^{m))Eo{n; m, 'y^)\Dj{£^)\'^ dv{m) . 

Proof. First we study AEx{sh]--,0- Let Xi~x' ^ C'q°(X) be functions such that X-^X = ^ 
and x'x = X) ^iid let V'h ^ ^c {X) be a semi-classical pseudo-differential operator with 
W¥h{iph) C {(m, u) G T*M; \\v\ — 1| < 1/2} and with semi-classical principal symbol ip equal 
to 1 on {{m,v) G T*M]\\v\ - 1| < 1/4}. We first claim that x'C^ - ^h)xEx{sh;-,0 = O(^) 
in L^. Indeed, let P/i := h'^{Ax — n^ /^) — 1, then using that PhExish] -,0 = 0, we deduce 
that 

PhX'i'^ - ^Ph)xEx{sh; -,0 = [Ph, x'(i - i^h)x]Ex{sh; -,6 
which has L^ norm 0{h) since the commutator is in "^c {X) (the semi-classical symbol of tph 
being compactly supported) and WxExishr^OWi^ = 0(1)- The claim follows by the invert- 
ibility of the semi-classical principal symbol of P/i(l— V'/i) on the microsupport oixExish] "jO- 
Therefore 

(29) AExish; -,0 = AijhXExish] -,0 + ^L^h). 

By LemmaEl A^ := Aip^x' ^ ^c' (X) is a semi-classical operator with semi-classical principal 
symbol a{m, v)'ip{m, v). 

Now we lift all objects to the covering H""'"-^ and we can assume without loss of generality 
that A has kernel compactly supported in 9"x 3" where 3" is a fundamental domain of F. Recall 
that Ex{sh','m,0 can be expressed as a converging series 

ExisH;m,0=^Eo{^-m,j()\Dj-\^()r^e^'f''<d"'y^ 

= ^Eoi^;m,jO\D7m"'e"^-'^^"^^/^ 
7er 

For the second line, we have used that 7 is a Mobius transform, so that 

1^7-^761-^ = 1^7(01, 
series being convergent when 6r < n/2 since |L'7(.^)| < Ce~'^^°''^°' uniformly for ^ G -F n S", 
by (f2T]) . In particular, one has \\xExish', -jOIIl^ = 0(1), uniformly in (^ G dX. 

The action of A^ on each term of the series, ie. Ah.{xe'^'^''^ Eo{^; -,7^)), is described by 

Lemma [TOl ^/i(xe*'^T5''^£'o(§J ■)70) is a Lagrangian distribution on H""*"^ associated to the 
Lagrangian £^g, and compactly supported in 3": 

(30) ^ N 

+ hrh{m,jS,) 
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with ||r/i(-,7,^)||^2 = 0(1) bounded by a constant times finitely many semi-norms of a, 
-E'o(f)")0 s-iid of the phase c/)^^. But it is easily seen that for all a G N""^^ there exists 
Ca>0 such that for aU 7 e F and ^ G Jn S", 

Tl 

(31) sup |(9.^(/)^5(m)| < Ca, sup \d^Eo{-;m,'yC)\ < Ca 

mesupp{x) mesupp{x) 

therefore ||''h('57C)llL2 is uniformly bounded with respect to /i,7 and S,. Notice, by (fTT]l and 
since V' = 1 on {(m, u) G T*X; \\v\ — 1| < 1/4}, we have ijj{m,d(j)^^{m)) = 1. We thus deduce 
that there exists C > uniform in h, 7, ^ such that 

n 



;^<^.e/^(^;^i^o(_;.,^^)a(.,d0^5(.)) + /ir,(.,7e) 



<C. 



Consequently, using again 6r < n/2 with |L'7(,^)| < Ce '^(°''y°\ 

5^||e*'^-«/'^|D7(e)n(xi5;o(^;•,7e)a(•,#7C(•)) + /ir/^(•,70 
7Gr 

and we deduce that 

Axi^x(5/.;m,e)=J]A(xe*'^-«/"^o(^;-,7e))(HI^7(e)r'^ 

7er 



< 00 

L2 






Integrating this against Ex{sh, -,0 — Ex{sh, ^C); we have 
(32) 

{AhxExish;rn, 0, Exish, -,0) 



Y,\Dl{OrEo{n;m,jOa{m,d<P^^)dv{m) + (D{h) 

. Be (7771,7 m) 



^7er 



+ / ^ e' '''''""" V7(e)rN^y(6r''(^o(l;m,7e)i?o(l;m,7'e))'a(m,#^g(m))d«(m) 

where B^{m, m!) is the Buseman function of (jlSp and the 0(/i) term comes from the remainder 

^(^76? ^*'^^*'''''^/i('' 701-^7(01*'' )-^x('S/n "jO) which is uniformly bounded in ^ G dX by the 
discussion above. Now it remains to apply Lemma [7| to deal with the off-diagonal term in 
the second line of ()32p . this gives that this term is a 0{h^~^^). Notice that the amplitude 
a(m,d(f)'y^{m)) here depends on 7, but this does not affect the argument of Lemma [71 since 
the derivatives of the amplitude are uniformly bounded in 7,^ by ()3ip . The proof of the 
Theorem is then finished by combining this with ()29p . D 



As a corollary, we also get 

Corollary 12. Let X = r\EI"''''"'^ be a convex co-compact hyperbolic manifold with Jr < f • 
Let Ex{s; ■,^) and dvg-j^ be the Eisenstein series and the Riemannian measure on dX defined 
with a boundary defining function x as before. If A £ ^^(X) is a compactly supported classical 
pseudo- differential operator of order with principal symbol a G Cq^{X,T*X), then setting 
Sh = iT'/'^ + i/h, we have as /i — )• 



_{AEx{sh;-,C),Exish;-,0)L^x)dvQx{^) = / a{m,v)dfi{m,v) + 
JdX JS'X 



(D{h 



mm{n—2S,l)\ 
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where S*X is the unit cotangent bundle and d^ the Liouville measure. 

Proof. We integrate (|28p in the ^ G dX variable with respect to dvQ-j^ Uke in the proof of 
Corohary [8] by hfting to the covering: we have, modulo 0(/i,™™(i'"~2(5)-j_ 



_{AExish;-,O^Exish;-,C))LVx)dvQYiC) 

JdX 



V/ _ a{m,d(t)^^{m))EQ{n-,rn,-ii)\D-i{iYdv{m)di = 
I I a{m,d(j)^{m))EQ{n;m,^)dv{m)d^ 
and the last term is exactly Jg^x 0'{'nT-,v)dfj,{m,v) by using ()14p and (|15p . D 



4. GUTZWILLER TYPE FORMULA 

In this section, we shall give a more precise description of the equidistribution in space 
when the Eisenstein series are averaged over the boundary. Through the Stone identity Q, 
this reduces to a sort of Gutzwiller trace formula. We prove the following 

Theorem 13. Let X = r\EI"^"'^ be a convex co-compact hyperbolic manifold and assume that 
the limit set ofT has Hausdorff dimension 5r < n/2. Let a G C^{X) and C be the set of all 
closed geodesies, then for all A^ G N, one has the expansion as t — )■ oo, 

j _ [ a{m)\E{-+it;m,0\'^dmdCQx=vol{S'') [ adv 
JdX Jx 2 Jx 

+^(t)ye"(t+^*K(7)y El^iMl^^r'' [p,adf,+ 

(33) ^^;^ ^£-Jdet(Id-e-%)i?,-i)| J, 



N 



^:^ ^Jdet(Id-e-^Wi?-i)|^ ' J, ' ^ ' 

where Hk{i{^)) is an explicit bounded function ofi{'j), P^ are differential operators of order 
2k with coefficients uniformly bounded in terms of ^ G S, d/i is the Riemannian measure 
induced on 7, R^ G SO(n) is the holonomy along 7 and 



r(it + i)r(f -it) 



L(t) = i-("-i)/2^: — , i;^^"^' = iD{t-^) 



1 M^/'n 
2 

n 71 — 1 ■ Ti — 1 „ 



Po = 1, Ho{i{^)) = 22TT—e'—^ 

Proof. We write /ij(a) for the left hand side of ([3]). We will assume, without losing generality, 
that the support of a is small enough so that there exists a fundamental domain 3" C W^^^ 
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with 99" n supp(a) = 0. We have by ^ 

f f Tt Tl 

^lt{a) = I / a{m)Ex{- + it]rn,y)Exi- -it;m,y)dv{m)dvQYiy) 
Jx J ax ^ ^ 

A.'Kt 

a{m)(nixit',rn,m)dv{m) 






•2 ' --" ^er- 

where dUx is the spectral measure of A on X and dlio the spectral measure of A on H"''"^. 
For the 7 = Id term, the spectral measure on H""*"^ restricted on the diagonal is a constant 
function given by 

a{t) := AntdUo{t;m,m) = -"^^^^^Jl^^^^ = \C (^ + ^t)\\ol{Sn ■ 
The terms with 7 7^ Id are actually lower order as t — )■ 00: we claim that 

(34) ^ a{m)tdUo{t-'ym,m)dv{m) =0(1) 

7er\id -^^ 

and we will actually obtain a much better description. 

From the explicit formula of the resolvent for the Laplacian on hyperbolic space in ([7]), we 
have that 

47rtdUo{t;jm,m) = -AtIm{Ft{a{d{m,jm)))) 
where a{r) = l/cosh(r), d(-, •) denotes the hyperbolic distance and 

Ft{a) := M(t)at+^* f (n(l - u)f~'Ha{l - 2n) + l)-^-''du 
Jo 

M(t) := ^-—2^"--^ = 0(t— ) 

r(i + it) 

Lemma 14. Let e > 0, and a{r) = cosh(r)~^, then there exist some smooth functions 
Cfe e C°°([0, 1 — e)) such that for all N, we have as i — >■ 00 

N 
Ft{a{r))=M{t)2-^'e-'''a{r)^(^Y.*-"^-''''k{cTir))+t--2-''-'RMia{r),t)y 

fc=0 

with the remainder Rx satisfying \d^Rx{(T,t)\ < Ce, for all £ G No, cr G [0, 1 — e), t > to > 0, 
and co(ct) = 7r5e-^"/4(l - a^)""/! 

Proof. Assuming that a < 1 — e, then in the integral defining Ft{u), one can use the stationary 
phase method (e.g. [HI Th 3.10] ) to get an asymptotic expansion in t — )• 00: the phase has a 
unique nondegenerate critical point in (0, 1) given by Uo- = 2^(1 + o" — \/l — u^), the Hessian 
is a smooth function of a G [0, 1 — e) which is bounded from below by a positive constant 
depending only on e > 0. Using a cutoff function near the point u^ and using integration by 
parts for the non-stationary part, one deduces as i — )• 00 



»i 00 

at+** / (u(l - u))^*-3(a(l - 2n) + l)~t~^*(iu ~ at Vt-i-'=Cfc(cj 



2a 

fc=0 



1- Vl-cr^Nit 
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with Ck{cr) some smooth function of o" G [0, 1 — e] and a straightforward computation gives 

(35) co{a) = ^^e-^"/^(l - a^y/\ 

Since — 2a(r) ~ 2^"*^' ^^ have an expansion, for all A^ G N, as t — t- oo 

N 

(36) Ft{a{r)) = M(t)2-^*e-**V(r)t ( ^ ri-'=Cfc((T(r)) + 0,(t-^^-i)) . 

fc=0 

with a remainder uniform in o" < 1 — e, as well as its derivatives with respect to a. D 

Notice that here d{m, 7m) > Co for some Cq > uniform in m (by the convex co- 
compactness of r), then a{d{m,'ym)) < 1 — e for some uniform e and thus Ft{a{m,'ym)) 
is smooth in m £ K for any fixed compact set K C EI"'+^. 

The displacement function r[m, 7771), or more precisely sinh(2r(r7T,, 7m)), is easily computed 
in dimension n + 1 = 2, it is given by sinh.{-^r{m,jm)) = cosh((i(m, axis(7))) sinh(2^(7)). In 
higher dimension it is more complicated. Consider the half plane model {x > 0,y £ M"} of 
jjn+i^ We can assume that 00 is not in the limit set of F, so that a fundamental domain can 
be taken in a ball x'^ + |yp < R for some R. For all 7 G F, there is an isometry h^ such that 

(37) h^ojoh-\x,y) = e'^^Hx,R^y) 

where £(7) > is the translation length of 7 and R^ G SO(n) the holonomy associated to 7. 
Since a{d{m, 7m)) = a{d{h^m, /i^ o 7 o h~^h^/m)), one has 

2x'^ 

(38) aidih-'m,jo h-^m)) = ^-^^"^ ,2(1 + ,-2.(.)) + |(,-.(.)id _ ^^),|2 

where m = (x,y). A consequence of this and Lemma HM is 

Corollary 15. With h^ defined by (|37p . we have as t — )• 00 
(39) 






7 ^ fc=o ■'^^^^) 

+ 0( max e~t'^('"'°™)t-^+"-2) 

ni(isupp{a) 

where rry[m) =: d{h~^m,^ o h~^m), a.y{m) := a{d{h~^7n,'y o h~^m)) and bkicr) := (72" Cfc(cr). 

We now want to use stationary phase in the space variable m G 3" in the integral ()39p . Let 
us define the following function ^^{m) := log{(T {d{h~^m,'y o h~^m)), so that 

^ ' ^^ ' tanh(r^(7n)) 

We first calculate the critical points of the phase r^ (m) , which in turn are the critical points 
of the function $^(771) in the m = {x, y) coordinates of H"^^ 

/ 2\{e-^^^hd - R^)y\'^ \dx 

d<P^{x,y) -(^^2(1 + g-2£(7)) + |(e-^(7)ld - R^)y\^)~ 

/ 2(e-^(T)ld - i?^)^(e-^(T)ld - R^)y \ dy 
"^1x2(1 + e-2%)) + |(e-^Wld - R^)y\-^)'~ 
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Therefore the critical points are located on the line L = {y = 0} which is the image of the 
axis of 7 by /i^. For each slice x = est, we will integrate in the y variable in ()39p by using the 
stationary phase, we then first need to check that det(Hess(<I>^(a;, 0))) / for all x, where the 
Hessian is with respect to the y G M" variable. The Hessian (in y variable) at y = is given 

by 



Hess($^(a;,0)) = -2 



(e-%)ld - i^^)^(e-^(T)ld - R^) 



and thus, using that r^{x,0) = ^(7), 

(42) Hess(-r,(x, 0)) = -^^--l-^^(e-^Wld - R,fie-'^^hd - R,). 

with I det(e-^Wld - i?^)|2 = I det(Id - e~^^^^ R-^)\'^ > 0. 

Therefore the phase is non-stationary if the axis of 7 does not intersect the support of 
0(771), contained in the fundamental domain 3", and the integral is then a 0(t~°°) in this case 
(constants are depending on 7). We shall split the sum over 7 S T into conjugacy classes [7] 
in the group, as is usual in Selberg type analysis. For each primitive element 7, the conjugacy 
class of 7 corresponds to a primitive geodesic on X, which is given by 

vrrf IJ /3(axis^)n3" 

/37/3-iG[7] 

where 7rr : EI""'"^ — t- r\]HI"^^ is the natural projection, [7] denotes the conjugacy class of 7 and 
axis.y is the axis of 7. Moreover, there are only finitely many geodesies /3(axis-y) that intersect 
3", we then partition [7] into ^1(7) U ^42(7) so that a = /37/3~^ G ^2(7) iff (i(/3(axis^), 3") > 1. 
If 7 is not primitive, one can do the same thing with 7q for some primitive 70. 
We first show the 

Lemma 16. Let -y £T be a primitive element, then that for all N > there is Cn depending 
only on N such that for all a G ^2(7) 

< Civt-'^+(""^)/' max e-t'^^'"'"™). 

mS:Supp{a) 



(43) / a{m)Ft{a{d{m,am)))dv{m] 

h 



Proof. For a G ^42(7), we then use non-stationary phase to evaluate (|39|) . i.e. integration by 
parts: 

e-^*-(™)6,(a„(m))a(/.^i(m))^ 

If d (e~'*^«("*)) dxdy 

t&nh{ra{m))bk{cra{m))a{h~'^{m))—^^ 



^* Ac (J) Or,<^a{m) X 

1 f -itra(m)( r. _ .f tanh{r^{m))bk{(Ta{m))a{h-^m) \ dxdy 

it L ,.. ^ " ^V xd.^Jm] ) x^+^ 



(44) 

it Jha{7)^ '"""^ '"'^ xd:^^a{m) 

where N £ N will be chosen later. To estimate the terms in the last integral, we need an 
expression for ha- ii Pa,Pa G K"' are the two fixed points of a, define Pa '■= Pa — Pa, then ha 
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will be the composition of the translation ta '■ m ^ m — p^^ with the reflection in the sphere 
{m; \7n — pa\ = \Pa\} followed by the dilation m — )• |pQ,|~^m 

fAK\ Pa ^ , Am -Pa) 2 1 

(45) Qa-.m^- 7 + \Pa.\-, r,, Pa = Pa- Pa 

\Pa\ \m-pa\^ 

and this defines ha '■= Qa ° ta- This map is an orientation reversing isometry of W^~^^ which 
maps Pa to and Pa to oo, it conjugates a to a model form ([37|) . If m = {x,y) G M^ x M" 
are coordinates on H"'"'"^, then 



\pa\x /, f \\ P» , \ Ay-p\ 



2^ 



(46) x{ha{m)) = - 5-5-, y{ha{m)) = r + Ipa, , „,„. 

In particular, one has ^naax^^supp{a) |^q("^)| < R for some R depending only on supp(a). We 
notice that there exists C > uniform in 7, q such that for all 7, a 

(47) mm{\y\;m = {x,y) £ haisupp{a)) , a £ ^2(7)} > C. 

Indeed, by definition of ^2(7) and the fact that ha is an isometry, the hyperbolic distance 
between /iQ,(supp(a)) and the line y = is bounded below by 1, but Cq > x(/iQ,(m)) > Ci|pq| 
for some Co, Ci > depending only on the support of supp(a). Then for e > small and a 
such that \pa\ > e > 0, there is a constant C depending on e such that ()47p holds for those 
a. For the remaining a for which \pa\ < e, it is easily seen from the expression ()45p that 
\ha{m)\ = 1 + 0(e) for m £ supp(a) and therefore if e is small enough \y{ha{m))\ > 1/2. 

We now want to bound the terms in the right hand side of ()44p . Using that |m| is uniformly 
(with respect to a) bounded on ha{snpp{a)) and using (jH]), (jl7|) . we deduce that there exists 
Cn > depending only on A^ and C > such that for all [7], all a £ [7], and all j < N 

min \{xdx)^aim)\ > C, sup \Yi . . .Yj^a{'m)\ < Cn, 

mehaisupp{a)) meho,{supp{a)) 

sup \Yi . . .Yjaa{m)^\ < Cn sup a^{a(m,am)) 

m£/ia(supp(a)) supp(a) 

sup \Yi . . .Yjaa{rn)\ < Cn sup a{d{m,am)) 

mGha(snpp(a)) supp(a) 

if Yi £ {xdx,xdy} (recall that aa = e*") Since 5f~^(m) = Ipalsodpal^ri) and 
^ f \ I I f Id (m-pa){m-pa 

dga{m) = \pa\ -. To - 2 . 7j— 

\\m — pa\ I'm — Pa\ 

then we have 

dga^igaim)) = \pa\~^i\m-pa\'^ld- 2{m - Pa){m - Pa, ■)) 
and combining with (fl6|) and using dha{m) = dga{m — p^) 

(48) hl{xY){m) = Y-2 ^'^~^\\ ( '''~^l y), Y£{dx,dy}. 

I'lTT' ~ Pal \\m.—Pa\ I 

Combining with (|39p . this shows that there is Cn depending only on N such that for all 
a £ ^2(7) 

/ a{m)Ft{o-{d{m,am)))dv{m] 

Jsupp(a) 

< C7vt-^+(""^)/^ / a{d{m,am))'^ma^\{h*^{xdx))^a{m)\dv{m). 

Jsnpp{a) i<^ 
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and by (fl8]) we have sup„gsupp(a) \{ha{xdx))^ a{m)\ < Cn for some Cn > independent of 
0,7. We thus have proved the Lemma. D 

We need to consider now the finitely many a G ^1(7) which contributes to the stationary 
phase (notice that there are roughly 0{i{'y)) elements in ^1(7)). Notice that, by the arguments 
above, the compact set ha{supp{a)) remains in a bounded region {C > \y\,C > \x\ > l/C} 
of E["+^, uniformly in 7, a G ^1(7). This follows since the distance in the boundary between 
the fixed points of a is uniformly bounded below if the axis of a intersects supp(a). For the 
same reason, we obtain from the expression (j45p that for a G ^1(7) 

(49) max \d^d-^h-\m)\<C 

for some C depending on fi, v but independent of 7, a. The phase in the integral 
it) := / e-^'^^^^^yh,ia^{x,y))aih^\x,y))^, 

iting on each slice x = est, we have by stationary phase 



A2j{x,y,dy)[a{h^'^{x,y))bk{cra{x,y))]- 






is stationary at y = 0, and thus 


(|13l Th. 7.7.5]) 




N-l 




hAt)-e-'''^'^Y,t- 


(50) 


j=o 




<Ct 



\l3\<2N+2n 

for some smooth differential operator A2J {x, y, dy) of order 2j. By \12>\ Th. 7.7.5] , the constant 
C is shown to be bounded uniformly with respect to a, 7 if 

lk.llc3-.-(,^,.pp(.), and ^^^^^^ -P ^^^^^^ ^;;r§;^ 

are bounded uniformly with respect to a G ^1(7) and with respect to [7]. The differential 
operators A2J have coefficients bounded uniformly in a, 7 if 

|det(Hess(r„))|-^ and ||r„||c3iv+3n(;,^(,upp(^))) 

are bounded uniformly. The uniform boundedness of semi-norms of r^ in a fixed compact 
set of H""*"^ (containing /ia(supp(a))) follows directly from the expressions (POJ) and (jS]), 
while determinant of Hessian boundedness is clear from (|42|) since £(7) is bounded below by 
a positive constant (the radius of injectivity). By the explicit formula (|4ip . and using (|40p . it 
is direct that \dra{x,y)\ > C\y\ for some C uniform in a and (x,y) in a fixed compact set of 
jjn+i (^ygjjjg again that £(7) is bounded below by a uniform positive constant). The constant 
C in (|5Up is therefore uniform in q G ^1(7) and the conjugacy class [7]. 

Now we claim that the amplitudes \\d^{bk o aa-a o h~^)\\L°° < C* niax^gsupp(a) e~2 (™'"*") 
with some C uniform in [7], a G ^1(7). By (|49p . the terms involving a o h^ are clearly 
bounded uniformly. Moreover, since big{a) = cj2Cfc((T), it suffices to bound the derivatives of 
^a = log((TQ). By using that haSupp{a) is in a uniform compact set of ]HI"+^ with respect to 
a G ^1(7) and [7], we have jS'^ci^l < C and thus 

sup \d'^bki(7a{m))\ < sup g't^'^^™'""^)). 

m£hc,{supp(a)) mGsupp(a) 
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Similarly all terms in the left hand side of ([50]) is bounded by sup^ggypp/^) e~ 2"( (™:"»"))_ 
Notice that aai'm) = cosh~ (^(t)) is constant on ?7t, G {y = 0}, and thus we have proved 

Lemma 17. With I^.a defined in ([50]) . we have that for all N ^'H, there exists Cn > such 
that for all [7], all a G ^1(7), and all t > 1 

(cosh £(7)) 2 ^ Jaxis(7)nJ 

<Ct~^-^ sup e-t('^(™'""^)). 

mSsupp(a) 

for some differential operator Q2J with coefficients bounded uniformly in a, [7], and d/j, is the 
measure induced by the riemannian measure on axis(7). 

In particular from (|5U|) and the usual expression of AQ{x,y,dy) (see Th 3.14 in 0) and 
(02]), we deduce 

h.{t) =e-(*+tK(7),-t('"^"^ ' (tanh£(7))^c.(cosh(£(7))- ) f 
'^' |det(Id-e-^(7)i?-i)| AxisHn^ 

+ 0( sup e-^d{m,am) ^-n/2-l^_ 
r?i£supp(a) 

where dfj, is the measure induced by the riemannian measure on axis(a). From (|35p . one also 
has 

co(cosh(£(7))"^)) = V^e"'"/^(tanh£(7))-"/2. 

Summing Lemma [T71 and [TBI over all a £ [7], we obtain the integrals over the closed geodesic 
associated to the conjugacy class [7], and then summing over the set of conjugacy classes [7], 
we obtain the result claimed in the Theorem. The sums over the group converges since each 
estimate involving a E [7] has a bound in terms of supgypp/^^ e-2("('"'"™)), and the series 

\" y^ (,-^id{m,am)) 

[7] "€[7] 

converges uniformly for m in compact subsets of H"'^^. This ends the proof. D 

References 

[1] A.F. Beardon, The Geometry of discrete groups, Graduate Text in Mathematics 91, Springer Verlag. 
[2] R. Brummelhuis, A. Uribe, A trace formula for Schrodinger operators, Comm. Math. Phys. 136 (1991), 

567-584. 
[3] U. Bunke, M. Olbrich, Group cohomology and the singularities of the Selberg zeta function associated to 

a Kleinian group, Ann. Math 149 (1999), 627-689 
[4] J. Chazarain, Formule de Poisson sur les variete riemanniennes. Invent. Math. 24 (1974), 65-82. 
[5] Y. Colin de Verdiere, Spectre du Laplacien et longueurs des geodesiques periodiques I, Compositio Math- 

ematica 27 (1973) (1), 80-106. 
[6] Y. Colin de Verdiere, Ergodicite et fonctions propres du Laplacien, Comm. Math. Phys., 102 (1985), 497- 

502. 
[7] J. Duistermaat, V. Guillemin, The spectrum of positive elliptic operators and periodic geodesies. Invent. 

Math. 29 (1975), 39-79. 
[8] L.C Evans, M. Zworski, Lectures on semi-classical analysis. Book in preparation, available at 

[http://math.berkeley.edu/'^zworski/ 



[9 

[lo; 

[11 

[12 

[is; 

[14 
[15 

[16; 
[ir 
[is: 

[19 
[20' 

[21 

[22 
[23; 
[24 
[25 

[26; 

[27; 
[28; 



EQUIDISTRIBUTION AND EISENSTEIN SERIES 25 

C. Guillarmou, F. Naud, Wave 0-trace and length spectrum on convex co-compact hyperbolic manifolds, 
Comm. Anal. Geom. 14 (2006), no 5, 945-967 

L. Guillope, Fonctions Zeta de Selberg et surfaces de geometrie finie, Adv. Stud. Pure Math. 21 (1992), 

33-70. 

L. Guillope, M. Zworski, Polynomial bounds on the number of resonances for some complete spaces of 

constant negative curvature near infinity, Asymp. Anal. 11 (1995), 1-22. 

L. Guillope, M. Zworski, The wave trace for Riemann surfaces, G.A.F.A. 9 (1999), 1156-1168. 

L. Hormander, The analysis of linear partial differential operators I, Springer Verlag. 

H. Ishio, J. P. Keating, Semiclassical wave functions in chaotic scattering systems, J. Phys. A 37 (2004), 

L217-L223. 

D. Jakobson, Quantum unique ergodicity for Eisenstein series on PSL2{Z)\PSL2{M.), Ann. Inst. Fourier, 
44 (1994), no 5, 1477-1504. 

W. Luo, P. Sarnak, Quantum ergodicity of eigenf unctions on PSI/2(Z)/]HI^, Publications Mathematiques 
de riHES, 81 (1995), 207-237. 

R. Mazzeo, R. Melrose, Meromorphic extension of the resolvent on complete spaces with asymptotically 
constant negative curvature, J. Fund. Anal. 75 (1987), 260-310. 

E. Meinraken, Semi-classical principal symbols and Gutzwiller's trace formula. Rep. Math Phys, 31 (1992), 
279-295. 

S. Nonnenmacher, M. Zworski, Quantum decay rates in chaotic scattering, Acta Math. 203, 149-233 (2009) 

S.J. Patterson, The limit set of a Fuchsian group. Acta Math. 136 (1976), no. 3-4, 241273. 

S.J. Patterson, On a lattice-point problem for hyperbolic space and related questions in spectral theory, 

Arxiv Math. 26 (1988), 167-172. 

S.J. Patterson, P. Perry, The divisor of Selberg 's zeta function for Kleinian groups. Appendix A by Charles 

Epstein., Duke Math. J. 106 (2001), 321-391. 

P. Perry, The Laplace operator on a hyperbolic manifold II, Eisenstein series and the scattering matrix, J. 

Reine. Angew. Math. 398 (1989) 67-91. 

R. S. Phillips, P. Sarnak, On cusps forms for co-finite subgroups o/PSL(2,R), Invent. Math. 80 (1985), 

339-364. 

A. I. Schnirelman, Ergodic properties of eigenfunctions, Usp. Math. Nauk., 29 (1974), 181-182. 

D. Sullivan, The density at infinity of a discrete group of hyperbolic motions, Publ. Math, de I'lHES., 50 

(1979), 171-202. 

S. Zelditch, Uniform distribution of eigenfunctions on compact hyperbolic surfaces, Duke Math. J. 55 

(1987), 919-941. 

S. Zelditch, Mean lindelof hypothesis and Equidistribution of Cusps forms and Eisenstein series. Journal 

of Functional Analysis 97 (1991), 1-49. 



DMA, U.M.R. 8553 CNRS, Ecole Normale Superieure, 45 rue d'Ulm, F 75230 Paris cedex 05, 
France 

E-mail address: cguillar@dma.ens.fr 

Laboratoire d'Analyse non lineaire et Geometrie, Universite d'Avignon, 33 rue Louis Pasteur 
84000 Avignon 

E-mail address: frederic.naud@univ-avignon.fr 



